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Abstract. In cylindrical domain, we consider the nonstationary flow with 
prescribed inflow and outflow, modelled with Navier-Stokes equations under 
the slip boundary conditions. Using smallness of some derivatives of inflow 
function, external force and initial velocity of the flow, but with no smallness 
restrictions on the inflow, initial velocity neither force, we prove existence of 



1. Introduction 

In the paper we study viscous incompressible fluid motion in a finite cylinder 
with large inflow and outflow. The nonstationary flow is described by Navier- 
Stokes equations and we impose the boundary slip conditions, with friction between 
the flux and the part of the boundary. Namely, we consider the following initial 
boundary value problem. 

v t + v ■ Vv - div T{v,p) = f in Cl T = il x (0, T), 

div v = in Q T , 

v ■ n = on Sf , 

(1.1) vn ■ B(v) ■ f a + jv ■ f a = 0, a = 1,2, on Sf, 

v ■ n = d on , 

n ■ B(v) ■ f a = 0, a = 1, 2, on S*J, 

v \t=o = in fi > 

where 51 C M 3 is a cylindrical domain, S = dfl, v is the velocity of the fluid 
motion with v(x, t) = (vi(x, t),v 2 (x, t) 7 v 3 (x, t)) e R 3 , p = p(x, t) £ R 1 denotes the 
pressure, / = f{x,t) = (fi(x,t), f2(x,t), f 3 (x,t)) e R 3 - the external force field, 
x — (x±, X2,xs) are the Cartesian coordinates, n is the unit outward vector normal 
to the boundary S and f Q , a — 1,2, are tangent vectors to S and • denotes the 
scalar product in R 3 . T(v,p) is the stress tensor of the form 

T(v,p) = uB(v) - pi, 
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where v is the constant viscosity coefficient and I is the unit matrix. Next, 7 > 
is the slip coefficient and H(v) denotes the dilatation tensor of the form 

= {Vi, Xj +Wj,x 4 }i,j=l,2,3- 

We consider ft C R 3 which is a cylindrical type domain parallel to the axis x$ 
with arbitrary cross section. We split S into Si and 5*2 so that S = SiUS 2 where Si 
is the part of the boundary which is parallel to the axis X3 and S 2 is perpendicular 
to X3. Consequently, 

Si = {x £ R 3 : ip (xi,x 2 ) — c , -a < x 3 < a}, 
S2(-a) = {x £ K 3 : ip (xi,x 2 ) < c , x 3 = -a}, 
S 2 (a) = {x G R 3 : ipo(xi,x 2 ) < Co, x 3 = a} 

where a,co are positive given numbers and ^0(^1)^2) = Co describes a sufficiently 
smooth closed curve in the plane X3 = const. 

S, 



-a 



-— + — 




Figure 1. Domain fi. 

To describe inflow and outflow we define 
(12) di = -« ■ n| S2( _ o) 

d 2 = v ■ n\s 2 ( a ) 

with di > 0, i = 1, 2. Using (1.1)2,3 an d (1.2) we conclude the following compatibility 
condition 

(1.3) $= / didS 2 = / d 2 dS 2 , 

JS 2 (-a) JS 2 (a) 

where <& is the flux. 

The main goal of the paper is to show the long time existence of regular solutions 
to problem (1.1) with arbitrary large external force /, initial velocity v(0) and 
inflow-outflow d. We can obtain the existence result by regularizing weak solutions. 
In general, we follow the ideas from [RZ1, Zl]. 

Regularity of solutions for Navier-Stokes equations, even with no flux, requires 
some smallness conditions. Many results of this type were proved assuming small- 
ness of initial velocity, some restrictions on domain (so called thin domain, f2 = 
ft' x (0, s),Q' £ R 2 with small s) or special structure of solutions (so that the solu- 
tion is close to 2-dimensional solution) . We mention here as well some results in case 
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of stationary or nonstationary flux, with the same type of boundary condition that 
we assume: slip condition on the part of boundary, involving or neglecting friction 
between the boundary and the fluid. In [Ml], the existence for large data is ob- 
tained under some geometrical constraints for 2d model in steady and evolutionary 
case. In [M2], steady Navier Stokes equations in pipe- like domain are investigated 
and existence is shown for a class of cylindrical symmetric solutions. In [Z4], the 
problem of nonstationary flow in axially symmetric domain is examined and the 
result concerns the existence for solutions close to axially symmetric solutions and 
the inflow and outflow sufficiently close to homogeneous flux. 

We show the existence of regular solutions in a class of flows with arbitrary 
large initial velocity v(0), inflow di and external force /. Instead, we use smallness 
of derivatives of initial velocity and force in the direction along the x 3 axis and 
smallness of some derivatives of the inflow. 

To formulate the main result, we introduce some notation. 

We will use Sobolev spaces 

W^' 2 {Q T ), Qe{n,S}, s ez+u{0}, P e[l,oo], 

with the following norm for even s 

W;'*'\Q T ) = {u : \\u\\ w;:S/2(QT) = ( J2 I \D a x d?u\vdxdt) '* < 00}, 

^ \a\+2a<s J Q T ' 

where D™ = d^d^d^, a = (ai, a 2 , a 3 ), |a| =0:1 + 0:2+ a 3 , a, £ Z + U {0}, 
z = l,2, 3. In particular, 

H S (Q) = Wi(Q). 

We will need also 

V 2 "(il T ) = {u : IMIyo^T) = ess sup \\u\\ L2{n) + ( [ | Vu\ \l 2(n) dt J < 00}, 

te(o,T) \Jo J 

( r Y /2 

Vi(fl T ) = {u: ||u||v 2 i(n^) =ess^su^ + ||Vu||^i (n) dt 1 < 00}. 

Let A be a bound for the Vq norm of v - a weak solution of (1.1), i.e. 

■7£ f \\v ■ fJl 2{Sl) < A 2 
1 Jo 



l V llv, (O') 

~i JO 



a=l ' 



where the existence of such constant can be obtained as it is shown in [RZ1], sec 
Lemma 2.1 below. 

Definition 1.1. We define 

(!- 4 ) ^0 = |MHL(0,t;L3(5 2 ))+^ 2 + l ! 

A 2 = ||(rot/) 3 |U 2 (o,t;ij2(n)) + ||(rot u) 3 (0)|| ia(11 ) + 1 

(1.5) A 3 = ll/IU 6 /s(n T ) + H u (°)ll<; 3 5 (n)' 

A4 = ||/||L 2 (n-) + ||«(0)||ifi ( n). 
We note h = v, X3 , g = f, X3 , x' = (x\, x 2 ). We set 

(1.6) A = D 1 + D 2 + ||/ 3 ||£ a (o, t ;i V s(&)) + \\9\\l 2{ o,t;L 6M n)) + ll^(0)ll! 2 (o), 
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where 



Dl - IK|| L2 ( 0l t;ffi(S 2 )) + ll^.ac' lli, 2 (0,t; J H" 1 (S 2 ))' 



(L7) D — \\d II 2 

Condition 1. Let Do, A, A2, A3, A4 be finite. 

Condition 2. Let A be so small and ||g||L 2 (n T )> 1 1 MO) 1 1 h 1 (fi) be such that there 
exists constant A satisfying the relation 

cD 2 A 2 [(A + A) + c(A + A 2 ) + cA 2 + cA 3 ] 

/ (\\ d \\l, { s 2 )dt + cD {A + A) + c(A + A 2 ) + cA 2 + cA 
Jo 

+ ll.9ll| 2 (o-) + HM0)||^ w <X 



exp 



Theorem 1. Assume that Conditions 1 and 2 hold. Then there exists a solution 
to problem (1.1) such that 

v,v X3 G W J 2,1 (fi T ),Vp,Vp, x , G L 2 (il T ) 

and 

(1-8) IMIv^.^t + \\Vp\\L 2 (nT) < <p(A,D , A, A 2 ,A 3 ,A 4 ), 

\\^P,x ;i \\L 2 (QT } < <p(A,D , A,A 2 , A 3 , A 4 ), 

where if is an increasing positive function. 

The structure of the paper is the following. First, in Section 2, since the bound- 
ary conditions in the problem (1.1) are not homogeneous, we introduce auxiliary 
variables and study the corresponding equations. In Section 3.1 and 3.2 we obtain 
the energy inequalities for h — v, X3 and next for x — ( r otw) 3 . Then, through the 
elliptic system relating \ ancl v x x , v x 2 1 wc can conclude the relation for v in terms 
of h norms in Section 3.3. Next, the energy inequality for h is improved by getting 
a bound for the energy norm of h, depending on some norm of Vv. This relation is 
used to show the estimate for h and v. In Section 4, we prove the existence using 
a priori estimates and the Leray-Schauder theorem. 

2. Auxiliary problems 

In order to define weak solutions to problem (1.1) and to obtain the energy type 
estimate we need to make the boundary condition (1.1)4 homogeneous. Thus, we 
have to reformulate the main problem using some auxiliary functions. 

First, we extend functions corresponding to inflow and outflow so that 

(2.1) di\s 2 ( ai ) =di, i = 1,2, ai = -a, a 2 = a 

We introduce the function 77, see [L]. 



r)(a;e,p) 



1 < a < pe- 1 / 6 = r, 

a 

—e in — r < a < p, 

P 

p < a < 00. 
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We calculate 



— =r)(a;e,p)={ 



< a < r, 

s 

r < a < p, 

a 

p < a < oo. 



so that \r)'(a;s,p)\ < —. We define functions rji on the neighborhood of S 2 (inside 
a 

CI): 

rji = r](ai;e,p), i = 1,2, 
where Ui denote local coordinates defined on small neighborhood of S2 (a«) : 

a 1 = a + x 3 , a 2 = a - x 3 

and we set 



(2.2) 



i=l 

b = ae 3 , e 3 = (0,0, 1). 
We construct function u so that 
(2.3) u = v — b. 

Therefore, 

divu = — divfe = — a X3 in fi, 
u ■ n = on S. 

Then, the boundary condition for u is homogeneous. The compatibility condition 
takes the form 



Jn 



dx 



Oi\ X3 =- a dS2 + / a\ X3=a dS 2 = 

S 2 (-a) JS 2 (a) 



We define function <p as a solution to the Neumann problem 



(2.4) 

Next, we set 
(2.5) 



Aip = — div b in CI, 
h ■ V(p — 011 S, 

ipdx = 0. 



w = u — Vip = v — (b + Vip) = v — S. 
5 
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Then, (w,p) is a solution to the following problem 

w t + w ■ Vw + w ■ VS + 5 ■ Vw — divT(w,p) 

= f -S t -6 + z/div B(S) = F(5, t) in ft T , 

divto = in f2 T , 
w ■ n — on S T , 
^ ^ vn ■ D(w) ■ f a + jw ■ f a 

= —vh ■ B(<5) ■ f a — 7(5 • f a = Bi a (5), a = 1, 2, on Sf , 
n-H(w)-f a = -n-B(5)-T a =B 2a (5), a = 1,2, on 5 2 T , 



w 



t=o = v (°) - S (°) = w (°) in n > 



where div 5 = 0. Moreover, we set 

n\ Sl = —========-, ri| 5l = — ========-, r 2 | Sl = (0,0,1) = e 3 , 

"ls 2 (-o) = ~e 3 , n|s 2 ( a ) = e 3 , n|s 2 = ei, f 2 \s 2 = e 2 

where ei = (1,0, 0), e 2 = (0, 1, 0). For the system (2.6) we can define weak solutions 
and then from [RZ1] we have 

Lemma 2.1. Assume the compatibility condition (1-3). Assume thatv(0) E L 2 (Cl), 
/ E L 2 (0,T;L 6/5 (Q)), d t S L oo (0,T;T^r 1/P (^2))ni2(0,T;T^ 2 1/2 (^ 2 )), § + ± < 

s,p > 3 or p = 3,s > |, dj ;t E i 2 (0, T; W^j® (S 2 )), i — 1,2. XTien i/iere exists a 
weak solution v to problem (1.1) such that v is weakly continuous with respect to t 
in L 2 (yi) norm and v converges to vq as t — > strongly in L 2 (il) norm. Moreover, 
v E V 2 °(fl T ), v ■ f, a G £2(0, T; L 2 (Si)), a = 1, 2, and u satisfies 

rt 



v \\v«{nt) +^Y1 l ll v " 7 "allL(Si) ^ 2 ll/lli 2 (0,t;L 6/5 (O)) 
(2.^=1 J0 



+ ^sup|M|| wrl/P(S2) ) (NII| 2(wl/2(52)) + ll*llL ( o, tiW j/; (a ))) + H<°)lli 2 (o) 

where ip is a nonlinear positive increasing function of its argument and t <T. 

Since we would like to have not restricted magnitudes of v(0), f and d, we would 
need some smallncss of v X3 (0) and f X3 in L 2 norms, instead. Therefore, we set 
h = v, X3 , q = p tX3 that are solutions to the problem: (see Lemma 3.1, [Zl].) 

— divT(/i, q) = —v ■ V/i — h ■ + g in fl T , 

div/i = in n T , 

(2.8) n-ft = 0, h -B(h) ■ f a +-fh- f a = 0, a = 1,2 onSf, 

h l = -d Xt , i = l,2, h 3tX3 =A'd on Sj, 

ft| t=o = h(0) in fi. 
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where g = f iX3 , A' = d Xl + d X2 . With \ = ( r °t«)3, wc consider the problem 

vi <X2 - V2, Xl = X in 

(2.9) v 1:Xl + v 2 , X2 = -h 3 in Q', 
v' -n' = on S 1; 

where fi' is a cross-section of f2 by the plane perpendicular to the x 3 axis crossing 
it within the interval (—a, a) and 90' = S\ f] P = S[ . Namely, 

0' = On {plane : x 3 = const e (—a, a)} 
= 5*10 {plane : x 3 = const e (—a, a)} 

and £3, i are treated as parameters. Then, the function \ = ( r °tw)3 = vi,x x —vi, X2 
satisfies (see Lemma 3.2 in [Zl]) 

X,t + v ■ Vx - h 3 x + h 2 v 3 . Xl - h x v 3 . X2 - v/\\ = F 3 in il T , 
X = Viini^jTij + T U , Xj rij) + v ■ fi(ri2, Xl - m, l2 ) 

(2.10) + ^OjTxj = x* on , 
X,£>; 3 =0 on S 2 , 
x| t=0 = X(0) in 0, 

where F 3 = / 2>Xl - /i, X2 . 

3. Estimates 

In order to obtain the energy estimate for h - a solution to problem (2.8) we have 
to make the Dirichlet boundary condition on S 2 homogeneous. For this purpose 
we are looking for such a function h that 

div h = in Q, 

h = on Si, 

(3.1) 

hi = -d, Xi , t = l,2 on S 2 , 
h 3 = on 5*2. 

Lemma 3.1. There exists a function h satisfying (3.1) such that 
^ WHwi(n) < c(s + P a )\\d,x'\\wi(s 2 ), 

IIMm**) <c(e + P a )IK*'tll M s 2 ), 
where a e (1, oo) and a > 0. 

Proof. First, we construct function h. Let us define the functions 

hi = -{Vidi,xi +md2, Xi ),i = 1,2, 
fc 3 - 0, 

where 7/1 , 772 are smooth cut-off functions introduced before and di is an extension 
of di on a neighbourhood of S 2 (a,i), i = 1,2. We have the compatibility condition 

2 

(3.3) ^ni\ Sl -d atXi =Q, a = 1,2 

»=i 
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which follows from the fact that n\s 1 does not depend on X3, so 

v ■ n\ Sl = => v, X3 ■ n\ Sl = => h ■ n\ Sl = => h\s 2 ■ n\ Sl = 

and in view of (2.8)4 the relation (3.3) holds. 
Hence h is a solution to the problem 

divh = -(771 A' Ji + 77 2 A'J 2 ) in ft, 

h-n = -{r]idi,xi + T}idi, Xi )ru on Si, 

/i • t 2 = on Si, 

h ■ fi = on Si , 

hi = -dj jXi , i,j = 1,2 on S 2 (aj), 

hs = on S 2 . 

Next we define a function such that 

A0 = -(r ? iA'Ji+r ?2 A / rf 2 ), 
n- V^|s = 0, 

and we are looking for a function A and a such that 

-AA + Ver = 0, 
div A = 0, 

A -7=0 = -7)3 • V<j> + h-ff), 13 = 1,2, on Si 

A • n = 0, on Si 
Aj = -V,0, i = 1, 2, on S 2 
A3 = on S 2 . 

Then 

ft = h - (A + V0) 

is a solution to problem (3.1). We can get some estimates for h. We note that 

2 , 2 111 

\\Hl p {Q) < IMj>'lk P (fi) < c P 1/Po 51 IMj>'lk P0 (fi), wher e — + — = -. 

3=1 3=1 P" P 

Let G be the Green function to the Neumann problem for <j>. Then we have 

4>{x) = \ G(x,y)d yi (r] 1 d h y i + 7] 2 d 2 , yi )dy = - / V yi G(x, y)(mdi, Vi + 7]2d 2 , Vi )dy, 
Jn Jn 

where we used that h ■ n\s 1 — 0. Then we calculate 

V x <j)(x) = - / W x W Vi G(x,y)(r] 1 di i y i +r]2d2,y i )dy 
Jq 

and 

2 2 
\\Vx<f>h p (n) < ll*?j4x'IU P (n) < cp 1/p " ^ ItoAx'lUpoPi), 
(3.5) i=i i=i 

1 1 1 

where 1 — T = -. 

Po P P 
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Applying now the existence of the Green function to problem (3.4) we have 
In view of (3.5) we obtain 

2 

(3-6) IIAIlMnj^^EH^IUpoCn)- 

3=1 

Continuing the considerations and using properties of functions rji,i = 1,2, yields 
that constructed function ft satisfies (3.2). This concludes the proof. □ 

3.1. A priori inequalities for functions k and ft. Let us introduce the new 
function 

k = h — ft. 

Then k is a solution to the problem 

k, t — divT(ft, q) = — v ■ Vft — h ■ Vv — h, t +g = g in f2 T , 

divk = in fl T , 

(3.7) n-k = 0, vn ■ ©(ft) • f a + jh ■ f a = 0, a = 1,2 on Sf, 

fc 4 = 0, i = 1,2, ft3 ;a ,3=A'd on Sf, 

fc| t=Q = ft(0) - ft(0) = fc(0) in O. 

where g — f iX3 , A' = 9^ + <9^ 2 .We have the following Korn inequality 

Lemma 3.2. [Zl] Assume that is not axially symmetric, 
3 . 2 



) < oo, 



En(k)=J2 [ (h. X] +k jtXi fdx, En(k) + J2\\k-f a \\ 2 L2{Si 

i,j=l Jn a=l 

\\&'d\\L 2 (S 2 ) + ||ft3,X3lU 2 (n) + ||j»3|U a (il) < oo. 
Then the following inequality is valid 



(3.8) 



\ 2 H 1 (n) 



a=l 

+c(l|A'd||i 2(S2) + \\h,x 3 \\l 2 (s 2 ) + INU 2 (n))- 
Let us consider the problem (3.7) in the form 

k t t — divT(ft, q) = — v ■ Vfc — k ■ Vv — v ■ Vft — ft • Vv — h, t +g in S1 T , 

divk = in n T , 

(3.9) n-k = Q, vn ■ ©(ft) • f a + jh ■ f a = 0, a = 1,2 on Sf , 

ki = 0, i = 1,2, hs^ X3 = A'd on Sj, 

k\ t=Q = ft(0) - ft(0) ee fc(0) in O. 
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Using function w = u — 5 we reformulate the k problem into the following system 

fc t — divT(/i, q) = —w ■ Vfc — k ■ Vv 

- S ■ Vk - v ■ Vh - h ■ Vv - h, t +g = G in n T , 

divk = in n T , 

(3.10) 

n • fc = 0, zm ■ • t q + 7/1 • t q = 0, a = 1, 2 on 

h = 0, i = 1,2, /i3, X3 = A'd on 5j, 

fc| t=0 = fc(0) in O. 

Projecting div k on S*2 we see that 

divfc|s 2 = fc 3iX3 |s 2 = 

Then the second condition in (3.10)4 takes the form 

hz, X3 = A'd on S 2 

Lemma 3.3. Let 

A = Di+ £>2 + ||/3||i a (0,t;L v ,(S a )) 

+ll5llL(o,t;L 6/6 (n)) + IIMO)||i a(n ), 

-°1 = lldtllia^.tjJ? 1 ^)) + lli 2 (0,t;ir 1 (Sr 2 )) 

£>2 = IM,a:'|lL oo (0,t;H 1 (S2))' 

and 

(3-11) H, = \\h\\l 2m + \\h\\ 2 LML3m . 

Then the solution k to the equivalent problems (3.7, 3.9,3.10) satisfies 

2 

( 3 12 j ll fc lly 2 °(o*) + H fc ' f «HL(s*) 

<cml^t-M(s 2)) +A 2 + l)(A 2 + Hl) 

Proof. We shall obtain the energy type estimate for solutions to problem (3.10). 
Multiplying (3.10)i by k and integrating over VL yields 



(3.13) 



ld_ 

Ydt 



[e dx -[ d wnh, q) k dx = -[ w .vkk dx -[kvv 

Jn Jn Jn Jn 



kdx 

n 



/ S-Vkkdx — / v-\7hkdx — / h-Vvkdx — I h t kdx + / gkdx. 
Jn Jn Jn Jn Jn 



Now we examine the particular terms in (3.13). Integrating by parts the second 
term on the l.h.s takes the form 

- / n ■ T(h, q) ■ kdS! - [ n- T(h, q) ■ kdS 2 + ^ / B(h)B(k)dx = I 1 +L 2 + I 3 , 
Js! Js 2 2 Jn 
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where 



I\ = — / n ■ T(ft, q) • T Q fc • T a dS\ = 7 / /i • r Q fc • T a dSi 

JS! JS! 

= ■ f a|li 2 (Si) +7 / ~ h ■ f ak ■ f a dSl, 
h = - I T nn {h,q)k n dS 2 = - (2vh 3iX3 - q)k n dS 2 = - {2vh 3 , X3 - q)k n dS 2 

= -2v I h 3 . X3 k n dS 2 - / qk 3 dS 2 + / qk 3 dS 2 

JS-2 JS 2 (-a) JS 2 (a) 

To examine the last integral we use the third component of (l.l)i projected on S 2 
(3.14) d t + v • Vw 3 - vA'd - vh 3tX3 - f 3 = -q 

Using this relation in the last term of I 2 we obtain 

"dk 3 dS 2 



ug 1111s leiauiun 111 une lasi icim ui i 2 we uuiain 

f qk 3 dS 2 = ( {-d t + vA'd + vh 3 ,x 3 + h)k 3 dS 2 - ( v'V 

J S2 S2 S2 

1 / J/,2jc / 



+ / dkldS 2 - / dk 2 3 dS 2 

S 2 (-a) JS 2 (a) 



where 



d\s 2 (-a) = -di,di > 0,d|s 2(o) = d 2 > 

and in the first two terms we do not distinguish dependence on S 2 (— a) and S 2 (a) 
because it does not have any influence on estimations. 
The first term in the above expression we estimate by 

ei|IML(s 2) (lMtll! 4/3 (s 2 ) + l|A'd||i V8(Sa) + \\f 3 \\l iM s a )) - 

the second term by 

^||fc3||! 4( S 2 )+c(l/ e 2)||«'||| 4( s 2 )l|V'd||! 2( s 2 ) 

and the last one as follows 

/ d t k 2 3 dS 2 < ||d|U 3(Sa) ||fc3||i, (Sa) < (e 1/6 \\Vk 3 \\l 2{n) +ce- 5 /^k 3 \\i 2{n) ) ■ \\d\\ L3(S2) 

J S , 2( — a) 

< £2i|vfc 3 |i! 2( o) + ^ 5/6 imiiL ( 5 2 ) • (IIM! 2( Q) + ll^iii a(n) ). 

Using the above estimates of the second term on the l.h.s. of (3.13) and denoting 
the r.h.s. of (3.10) by G we obtain 



2 dt J n 



V - f \B(k)\ 2 dx + l f |fc.f a | 2 dSi <j\\k\\ 2 m(n) + l I \h-f a \ 2 dS 1 

J Q J Si J Si 

+c f P{h)\*dx + c{\\d t \\l i/3{S2) + ||A'd||| 4/3(S2) + ||/3||! 4/3( S 2 )) 

+ IMIIL(S 2 ) • (IIM£ 2 (n) + IIM! 2 (0)) + \j n GMx \ 
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We apply the Korn inequality (3.8) to conclude 

(3.i5) < c (N t |l! 4/3( 5 2) + IIA'd||i 4/3(S2) + ||/3||! 4/3(S2) + \\h\\h ( n)) 



+ \\d\\l 3{S2) ■ (IIMmo) + IIM£ a (n)) + I J n Ghdx\ 

Now we shall examine the last term on the r.h.s. of the inequality (3.15). To this 
end we use the r.h.s. of (3.13). The first term on the r.h.s. of (3.13) vanishes. The 
second term can be estimated either by 



/ 

Jn 



lL 3 (n)ll^llL 2 (n)- 



2 (n)ll^llz, 3 (n) 

jm 

or by 

/ k 2 \Vv\dx < £ 3 ||fc||| 6(n) + c(l/e 3 )||V«|| 

To examine the third term on the r.h.s. of (3.13) we express it in the form 

/ bVkkdx + / VifWkkdx = h + I 2 
Jn Jn 

In view of [RZ1] we have 

|/i|< C p 1/6 IMllH 1( n)l|fc|| 2 ffl ( f2 ) 

and 

\h\<c{e AP ^ sup |M 3 || L3 (s 2 )+/ I+1/3 sup \\d X3 \\L 3 (s 2 ))\\k\\ 2 mm 
The fourth term we estimate by 

^llfcllL^ + ^i/^)!^!! 2 ^^)!^^!! 2 ^^) 

The fifth term we treat as follows 

^||A||i 6 ( n )+c(l/ e 6)||fe||i 8 (n)l|V«||i 2(n) , 

the sixth by 

^\\k\\l 6{n) +c(l/s 7 )\\h t \\ 2 LeMn) 
and finally the last one by 

e s\\ k \\l 6 (n) + c ( 1 / £ 8)\\g\\l 6/5 (n) 

Using the above considerations in (3.13) and assuming that e\ — e% are sufficiently 
small we obtain 

2 

k 2 dx + v\\k\\ 2 m{n) \\k • f a \\l a(Sl) 



- [ 

dtJn 



(3.16) 



l|A'rf||l 2(S2) + lldtHi (Sa) + ||/3||L 8( S 2 ) + ll^ll W) 



ct=l 

< C 

+ \\d\\l 3{S2) (\\h 3 \\l 2{n) + \\h\\l 2m ) + l|V«||i a(n) (||ft 3 ||i, ( n) + INIi s(n) ) 

+ ll«lli a (n)l|Vft||i, /2(n) + ||fe||i 8 (n)l|V«||i a( n) + IIMi 6/5 (n) + llfflli a/B (n) 
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Integrating (3.16) with respect to time and using the energy type bound of the form 

IMIv 2 °(o*) <A t<T, 
where A is defined in Lemma 2.1 we get 

2 r 

ll fc lly 2 0(O*) + 7 Yl H* ■ f ^l2(Si) < C II A ' d HL(0,t;L 2 (5 2 )) + II* ll! 2 (0,t;L 4/3 (S 2 )) + II h II L(0,t;L 4/3 (S 2 )) 
a=l <- 

(3.17) +ll^l| 2 H 1( fi*) + l|rf|ll 00 (0, t ;L 3 (S 2 ))(ll /l 3|| 2 L2( o*) + IN|| 2 (n<)) 

+ su P A 2 ||/ l ||| 3(n) + supA 2 ||V/j|| 2 (n) +su P A 2 \\h\\ 2 L3{n) + fh t \\l 2{nt) 

T T T 

+llfflli a (o,t;La/.(n)) + IIMO)||i 2 (n) + IIMO)||i a( n)- 

In view of Lemma 3.1 we have 

2 r 

ll fc llv 2 °(n*) + 7^1 H fc ' r «HL(Sl) - C IM^'lll 2 (0,t;Hi(S 2 )) + IM*lli 2 (0,t;L 4 /3(S 2 )) 
(3.18) +ll/3|!| 2 (o,t;L 4/3 (S 2 )) + IMIlL oo (0,t;L 3 (S 2 ))ll /l 3|ll 2 (^t) 

+A 2 (sup \\h\\ 2 L:3{n) + A 2 \\d x , \\ 2 Loo{0 , t . m{S2)) ) + A 2 sup \\d x >t\\l 2 (s 2 ) 

T T 

+ ll.9lli 2 (o, t ;L 6/5 (n)) + ll^(0)lli 2( o)- 

We set 

D l = ll*IL 2 (0 1 t;/i'i(S 2 )) + \\d,x'\\L 2 (0,t;m(S 2 )) 
D 2 = \\d,x'\\L oo (0,t;H 1 (S 2 )) 

Then (3.18) takes the form 

2 r 

ll fc lly 2 °(^)+7Ell fc -^HW;) ^ c D ? + ll/3ll! 2 (o > t ;i4/3 ( S2 )) 

a=l 

(3 - 19) +(IMIlL(0,;L 3 (5 2) ) + A 2 + 1) (l> 2 2 + \\hf L2(nt) + \\h\\ 2 L ^ L3m ) 

+ \\9\\l 2{ o,t;L 6/5m + l|ft(0)||i 2( n) • 

Therefore, defining quantities A, Di,D 2l Hi as in (1.7) and (3.11) we can formulate 
the following compact version of the last inequality. 

2 

l|k|lv- 2 °(n*) + H fc ' ^ Q HL(s*) 

<c(|MHL(0, t ;L 3 (5 2 ))+^ 2 + l)(A 2 +^ 1 2 ) 

and this concludes the proof. □ 

Consequently, we can show the following inequality for h 

Lemma 3.4. Let Do, A are finite. Then a solutions h of (2.8) satisfies 

2 

(3-20) l|/C°(Q*) + £ll^lli 2( s<) <cD (A 2 + H 2 ) 

Q = l 
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where 



A>HMlL(CM;L3(S 2 ))+^ 2 + l 



Proof. Using (3.12), h = k + h, and the estimate 

2 

IHIv 2 0(Q*) + E f h ■ f «WUsi) < < D l + D t) 

we conclude the result. □ 

Remark 3.5. Since we want to admit arbitrary large flux, the inequality above does 
not involve any small parameter that we could use in the existence proof. Thus, we 
will need some more refined relation and this can be achieved by improving the 
regularity through the system for vorticity component \. 

3.2. A priori estimates for vorticity component x- We need to examine so- 
lutions ol problem (2.9) and consequently, (2.10). We have to deal with possibly 
non-zero boundary condition of function \ on which we set as \*- To this end, 
let us introduce a function x as a solution to the following problem 

X,t-^Ax = in fl T , 

(3.21) 1 

X,x 3 = 0, on S%, 

X|t=0 = Xo in O. 

To show the existence of such function we need the following compatibility con- 
ditions 

X*, X3 = 0, on Si n S 2 

(3.22) X o\ Sl =X*\t=o, 

Xo,x 3 = on S 2 . 

where 

2 

X*,x 3 = - E \^-x t {ni,x ] Tl J + Tli tXj rij) + -d <Xj Tlj + d Xi Tu(Tl2,xi - T ll,x 2 ) 

We note that xo depends of v in a similar way as x* ■ 

Then, we consider the new function x' = X~X which is a solution to the following 
problem 

x't + v ■ Vx' - h 3X ' + h 2 v 3 , xi - h x v 3 , X2 - i/Ax' 

= F 3 -vVx + h 3 x in 

(3.23) x' = on Sf, 
X[x 3 = on S%, 
X'| t=0 =x(0) in 0. 

Lemma 3.6. Assume that h g £^(0, t; L 3 (fl)),v' g Loo(0, t; H 1 (D,))nL 2 (0, t; H 2 (n))D 
i 2 (^;ff 1/2 (0,t)),x(0) g L 2 (Q),F 3 G L 2 (0,t;L 6/5 (n)). Then solutions to problem 
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(2.10) satisfy the inequality 

llxllv°(n*) < V(c2,^)sup||/i(t)|| 1 ,3 ( n ) + ^(c 2 ,c 3 , A) sup ||/i(t)||| 3(n) 

(3.24) +^(c 2 ,c 3 ,A) + ^||F 3 || L2( o, t;ff 2 (n)) +e(\\v'\\ Loc{0 ^. H i m 

+ \\ v 'h 2 (0,t;H2(n))) + C3\\v'\\ L2(n . H i/2 (0 ^ ) + ||x(0)|U 2 (fj) 
= c(H! + Hi) + c\\v'\\ L2{n . H i/2 {0it)) + s{\\v'\\ Loo(0tt . H i m + \\v'\\L 2 (o.t:H^n))) + cA 2 , 
where e € (0, 1), a > 0, t G (0, T), c 3 is some constant, 

A 2 = ||F 3 || L2(0it;H2(o)) + || x (0)|| L2( o) + l 
and ip is a generic function which changes its form from formula to formula. 

Proof. We use the first equation of the system (3.23): we multiply it by \' , integrate 
over n and use boundary conditions that yields 

J4llx'll! 2 (n) + H|Vx'll! 2( o) = / h 3X ' 2 dx - f {h 2 v 3 , Xl - h lV3 , X2 ) X 'dx + [ F 3X 'dx 
2dt (3 25) J n J n J n 

- v- Vxx'dx + / h 3 xx'dx 
Jn Jn 

The first term on the r.h.s. of (3.25) can be bounded by 

/ h 3X ' 2 dx\ = | / h 3 x'(x-X)dx\ < | / h 3 x\x~x)dx\ < | / h 3X 'xdx\ + | / h 3X 'xdx\ 
Jn Jn Jn Jn Jn 

£ \ £ 1 

< -fWx'WUn) + -Il^3||! 3 (n)||xlli 2 (n) + -jllx'IlL^) + -|IM£ 2 (n)llxll£,(n) 



the second as follows 

2 "^ 6{il > ' 2e 2 



£2 1 

yllx'II.L 6 (fi) + INLa^H^'IL^O)' 



and the third one: 

:; ' — \F, 



j\\X \\L 6 (n) + ^II^3||l 6/5 (J2)- 
The fourth term on the r.h.s. of (3.25) we express in the form 

v ■ ^x'xdx 



J 

Jn 



in 

and estimate as follows 

Yl|Vx'll| 2(f2 ) + ^ll«llL(o)llx'llL(o)- 
Finally, the last term on the r.h.s. of (3.25) is bounded by 

"^llx'lli 6 (n) + ^■|lx / ||| 3 (n)- 

Using the above estimates in (3.25), setting E\ = e 2 = e 3 = e, £4 = ^, e = we 
obtain 

|llx'llL(n) + HlVx'llL(o) < ^(llxlll 2( o) + K*'|li a( n))IWl£s(n) 

+ 011""^) + ^IIMIU,) llxlli.cn, + ^\\m eM ny 
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Integrating the above inequality with respect to time and using estimate for the 
weak solutions we can find the following 

llx'llLco) +H|Vx'llL ( n r) < ^-Bup||M*)lli,(n) + ^^^^PlIxllLco) 

+Vll i ' 3 ll^(o^a /5 (n)) + llx(0)lli 2 (n)- 

Since \ — \' + \ we obtain 

HxU^) < ^f- sup \\h{t)\\l 3{n) + 1 -^l±l A i sup ||x||| 3(n) 

(3.26) v t 

+^11^11^(0^/5(0)) + llx(0)||i 2(n) . 
In view of Lemma and some interpolation inequalities we have 

||xlU 2 (o,T;Z, 2 (n)) < c ill w 'lk2(o,T;L 2 (Si)) < £||«'IU 2 (o,T;H 1 (o)) + c 2 e~ 1 A, 

11X11 LooCO.T^sCn)) < C3ll u 'IUoo(0,T;L3(Si)) < ^ II v' \\ L^{0.T;H^ (fi)) + c'^^A, 

||xlUoc(0,T;L 2 (n)) < C5ll w 'IU oo (0,T;L 2 (5i)) 

(3.27) < ^II^II^cct;^^)) + 4*~ 1/2 4 

IIVxIU 2 (0,T;L 2 (O)) < C T II u Hw 2 1/2,1/4 (Sf ) — C 8ll U II W 2 1 ' 1/2 (n T ) 
= c 8(ll w 'IU 2 (0,T;Hi(O)) + II w 'IIl 2 (O;H1/2( ,T))) 

< e 1,2 \W\\L 2 (o.T-M*m + e- 1/2 c' 9 A + 4||w'|| L2(O;H i /2(0iT)) 

where c' l7 . . . , c' 9 are constants from corresponding theorems and of imbedding. Let 
c- < c' 3 , i = 1, . . . , 9. Then we use (3.26) and (3.27) to obtain (3.24). This concludes 
the proof. □ 

3.3. (rot, div) problem and inequalities relating v and h. Let us consider 
the elliptic (rot, div) problem (2.9), i.e. 

vi, X2 - V2, Xl = X in 
vi, Xl + v 2 ,x 2 = -h 3 in CI', 
v' -n' = on 5i, 

For solutions u' of this system, in view of inequalities for h and \-> i- e - (3.20) and 
(3.24), we derive at 

Ik-" 12 

(3.28) 



KHv^nT) <cA)(A + #i) 



+ c||^|L 2 (n;HV2( 0l t)) + c(Hi + Hi) + cA 2 
Let us consider problem (1.1) written in the form of Stokes- type system 
v t t — A\vT{v,p) = —v' ■ Vw — wh + /, in fl T 

divf = 0, in fl T 

(3.29) v -n = 0, n-D(v) ■ f a +-yv ■ f a = 0, a = 1,2, on 

v - n = d, n- H>(v) ■ f a = 0, a = 1,2, on 5^ 

u|t=o=u(0), in 0. 

This yields the next result 

16 January 15, 2013 



J. RENCLAWOWICZ & W. M. ZAJACZKOWSKI NONSTATIONARY NSE 



Lemma 3.7. Let the assumptions of Lemmas 3.1-3.5 be satisfied. Let h G Lw (fi T ), 
/ G L2(Q T ), v(0) G H 1 ^). Then for solutions of (3.29) we obtain the inequality 

, N h\\wl>\w) + HVp|U a(n «) < + A 2 ) + c(F 1 + if 2 ) 

(3-30 

+cA^ + cA 2 . + cA 4 , i<T, 

w/iere A3, A4 are defined by (1.5). 

Proof. In view of [Z2], Lemma 3.7 we have that 

l|v'l|z, 10 (fi T ) < c||^||y 2 i(nT)- 

Hence 

WVv\\ L5/3(nT) < cA\\v'\\ v i (nT) , 
\\wh\\ L5/3{QT) < cA\\h\\ Ll0/3{nT) . 
In view of the above estimates we have 



(3.31) 

We calculate 



\v\\ w 2A {nT) < cA(\\v'\\ v i {nT) + ||/j|k 10/3 (n T )) 
+c(||/lk B/8 (n T ) + lk(0)|| l< /. (n) ). 



lk'Vv|U 2( n T ) < lk'||L 10 (^)l|V«|| i5/2( o T ) 
< \\ v '\\vi(nT)\\v\\ w 2,i 3(nT)1 

\\wh\\ L2{nT) < ||-^||i 5 (n^)ll^llz, 10/ 3(^) 

^ c IMI^;i(^)IHko/ 3 (^)- 

Applying (3.28) in (3.31) and using the interpolation 

ll^llz, 2 (o,T;j?V2 ( n)) < i (nT) + c(l/e)A, 



(3.32) \H w 2,i (nT) < cD (H l + A) + c{H x + ff 2 ) + cA 2 + cA 3 , 



' 5/3 

we obtain 

5/3 
and 

(3.33) \\v\\ w 2,i {nT) < cD 2 Q {Hl + A 2 ) + c(H 1 + ff 2 ) + cA 2 + cA 2 + cA 4 
where 

A3 = \\fh 5/3 (n-r) + IK0)|| w 4/5 (n) , 

A4 = ||/||L 2 (n^) + H0)||Hi ( n). 

Applying the above estimates we conclude for solutions to problem (3.29) the in- 
equality (3.30). This yields the thesis of the lemma. □ 

Next, we need to find bound for h in terms of v with some small parameter. We 
prove 

Lemma 3.8. Let the assumptions of Lemmas 3.1-3.5 be satisfied. Let Vw G £3(0) 
and Do, A are finite. Then a solution h of (2.8) satisfies 



(3.34) \\h\\ 2 (m <D exp 



I (l|d||£3 (Sa ) + ||v«||£ s(n) )di 

Jo 



A 2 . 
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Proof. To this end we consider again the inequality 

d_ 
~dt 



■ k 2 dx + i/\\k\\%i (a) + 7||fc • r a ||| 2(Si) 



< <\\M\i iri( s 2) + IIA'd|li 4/3( 5 2 ) + ll/3lli /3 (5 2 ) + \\h\\ 2 m(n) ) 



ll 3 (S 2 )ll fc lll 2 (0) 



Ghdx\ 



and to examine the last term on the r.h.s. we use the (3.13) and the relation 



/ 



|V V |fc 2 dx< e 3||fc||L (n) +c(l/ £3 )||V«||| 3(n) ||fc||| ; 



(ay 



We deal with inequalities above and through such modifications, we have 

2 



l fc Hv?(n*) +7 51 \\k ■ f a \\l 2{si) < c 



a=l 



IVwl 



L 2 (0,t;L 3 (Q)) 



+ 



lioo(0,t;L 3 (S 2 )) 



Nl| 2 (fit) 



+ ll d ^'lll 2 (0,t://i(S 2 )) + W d t\\i 2 (0,t;L i/3 (S 2 )) + \\M\ 2 L 2 (0,t;L i/3 (S2)) 

+ A2 \\ d ,Al x {o,t;HHs 2 ))) + a2 su P IM,x't||| 2( s 2 ) + llfflli 2 (o,t;ie/5(n)) + \\ h (®)\\l 2 {ny 

T 

Then, instead of (3.20) we can obtain 



|yo (nt) < A)CX P 



f\\\d\\Us 2) + HV«||i 8(n) )dt 



A 



□ 



and using Lemma 3.1 yields (3.34). 

Lemma 3.9. Let the Conditions 1 and 2 hold. Then for a weak solution v to (1.1) 
and h — v, X3 - a solution to (3.29) there exists such constant A that 

H(T) = \\h\\ w ^ {nT) < A 
(3.35) and 

WAw^-UnT) < cDl{A 2 + A 2 ) + c(A + A 2 ) + cAj + cAj + cA 4 
Proof. We note that 

\\^v\\l 2 (o,T:L 3 (q)) < c\\v\\ W 2,i, QT) < cD (#i + A) + c(J?i + Hi) + cA 2 + cA 3 



5/3 



where we used (3.32). Applying also the inequality (3.34) from Lemma 3.8 we have 



\\h\\ L2{nT) < A,cxp 
Since 



/ (IMIli 3 (s 2 )^ + c A>(#i + A) + c(ffi + H 2 ) + cA 2 + cA 3 
Hi(T) < cH(T) 



A 



we obtain, by formulas above 

H 2 (T) < c.D 2 A 2 [(H(T) + A) + c(H(T) + H(T) 2 ) + cA 2 + cA 3 ] 

J (\\d\\l 3 (s 2 )dt + cD (U(T) + A) + c(H(T) + H(T) 2 ) + cA 2 + cA 3 

+ ll.9lli 2 (o-) + IIM0)||^ ( n) 
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(3.36) cxp 



To obtain the result, we need 

cD 2 A 2 [{A + A) + c(A + A 2 ) + cA 2 + cA 3 ] 

/ (\\ d \\h(s 2 ) dt + cD o(A + A) + c(A + A 2 ) + cA 2 + cA 3 
Jo 

+ \\g\\ 2 L 2{ nn + \\h(0)\\m { n)<A 2 
which can be satisfied for sufficiently small |g||L 2 (n r )' 11^(0) and 

A = D 1 + D 2 + ||/3||| 2 (o, t ; i4/3 (s 2 )) + llslli a( o,tii 6/ .(i>)) + WHVWUn), 

where 

D l = \\dt\\L 2 (0,t;m(S 2 )) + I II iaCO,*;^ 1 (S 2 )) ' 
D2 = IKx'|ll, oo (0,t;.firi(,S2))- 

To obtain the bound for v in terms of A we use (3.33) and (3.35)i. This concludes 
the proof. □ 

4. Existence 

Lemma 4.1. Assume that Conditions 1 and 2 are satisfied. Then the solution 
(v,p) to (1.1) satisfying (1.8) exists on (0,T) for some T > 0. 

Proof. To prove the existence of solutions to problem (1.1) we will use the Leray- 
Schauder theorem. To this end, we construct the mappings 

v t - divT(v 7 p) = -Xv -Vv + f in il T = O x (0,T), 

div?; = in fl T , 

v ■ fi = on Sf , 

(4.1) vh ■ n(v) ■ f a + 7« • f a = 0, a = 1, 2, on Sf , 
v - n = d on Sj, 
n • B(v) • f a = 0, a = 1,2, on Sj, 

and 

h t - div T(/i, g) = -\(v -Vh + h-Vv)+g in ft T , 

div/i = in ft T , 

(4.2) n -/i = 0, n • 3(h) ■ f a + 7/1 • f a = 0, a = 1,2 on Sf , 

T 
2 > 



hi = -d Xi , i = 1, 2, h 3yX;s =A'd on S[ 



h\ t=Q = h(0) in 17. 

where g = f jX37 A' — d Xl +d 2 2l A 6 [0, 1] and v, /i are treated as given functions. We 
assume that h — v, X3 , thus differentiating (4.1) with respect to x 3 and subtracting 
from (4.2) we obtain that 

h = u X3 . 

19 January 15, 2013 



NONSTATIONARY NSE J. RENCLAWOWICZ & W. M. ZAJACZKOWSKI 



Problems (4.1), (4.2) define the mappings 

$1 : (v, A) -> (v,p), 

$ 2 : (v, h, A) -> (/i,(?). 

We set $ = ($i,$ 2 ). In previous Section we have shown a-priori estimate for 
a fixed point of $ for A = 1. On the other hand, for A = we have a unique 
existence of solutions to problems (4.1) and (4.2). 
Let us introduce the space 

M{n T ) =L 2r (0,(T;W% 1 _(n)), 77 > 2, r > 2. 

3 + r, 

We shall find restrictions on r, r\ such that 

$ : M{Q (T ) x M{n T ) _M(0 T ) x .M(Q T ) 
is a compact mapping. 

Assume that v E L 2r (0,T; W\n_(fl)). Then 



f dt\\ 
Jo 



■• Vt>|| M o, T ;£„(fi)) = [ I dt\\v-Vv\\ r Ln{n) 
(4.3) ^ (^^11^1^(0)11^11^(0)' ^ 

sl/r- 

<c| / dilHI?^ , n J <c||t3" 2 



l/r 







W\ v (H) j - °ll t; NL 2r .(0 J T;W 1 6l) (O)) 

3+r, 



In the same way we obtain 

P • Vft|| Lr (0,T;L,(n)) + • VtjUl^o.T;^^)) 

(4 4) 

<4^\\L 2 A0.T-W^(n))\\h\\L 2r (0,T-,W 1 _e I1 _m- 

3+r, 3+r7 

In view of (4.3) and (4.4) can be shown that solutions to problems (4.1) and (4.2) 

belong to W£v 1 (n r ) (see [SI]). 

We are going to use the following imbeddings 

(4.5) w^\n T ) d w^(n T ) 

and 

(4.6) W^(n T ) C L 2r (0,T;W\^(n)) = M{Q T ), 

3+r, 

where (4.5) holds for 77 > 2, r > 2 and (4.6) is compact for r, -q satisfying the 
inequality 

5 3 2 

« < 1 

2 ,g2- 2r 

3+r] 

which takes the form 

(4.7) l<f + -. 

lr\ r 

Setting r — 77 = 2 we obtain that v, h e £4(0, T; W-j^^fi)) and then condition (4.7) 
takes the form 

. . ,3113 
(4-8) K i + - so -< i . 
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Hence, we have compactness of mappings $1 and $2- 
To show continuity of mappings $1 and $2 we consider 



v st - divT(v s , p s ) = -\v s ■ \7v s 


+ / 


in 


n T , 


div v s = 




in 
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- divT(/i s , q s ) = -\(h s ■ Vv s + v s 
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div h s = 
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and 

T 
T 

n ■ h s = 0, z/n • D(/i s ) • f a + jh s ■ f a = 0, a = 1,2 on Sf, 
h s i = —d Xi , i = l,2, h s3 , X3 =A'd on Sj, 

ft s |t=o = M°) in ^> 

where s = 1, 2. 
Let 

V = t)i-U2, H = hi-h,2, P = pi-p2, Q = qi-q2 
Then V and are solutions to the problems 

V t - div T(V, P) = -X(V • V«i + 5 2 • W) 
divF = 

(4.9) K-n| Sl =0, vn-H(V)-f a +'yV-f a \s 1 =0, a = 1,2, 
V-n\s 2 =d ,n-D(V)-f a |s 2 =0, a = 1,2, 

V|t=o = 0, 

£T t - div T(JT, Q) = —X(H -\7v 1+ h 2 -\7V + V ■ Vht + v 2 ■ VH) 
divH = 

(4.10) H -n\ Sl =0, i/n-B(JT) ■ r a + 7#-f a | Sl = 0, a = 1,2, 
#i|s 2 = -«k i , * = 1,2, ^3 ia ,3|s 2 = A'rf, 

#|t=o = 0. 

Assume that A ^ 0. In Lemma 3.9, we proved the existence of such a constant 
A that for sufficiently chosen data, 

WHw^iCF) ^ A and ll^llw?- 1 ^) < <P(A). 
Then for solutions of (4.9) we have 

II^Hm^) = \\V\\ L2r{0iT . w i < c||V|| w 2,i (nT) < c||^|| iy 2,i (aT) 

(4-H) 2 

< c }_^ IIMwoiTw-^n)) ' WVWl^t-.w^M) < c(A)\\V\\ M{nT) , 

where r > 2, i] > 2 and satisfy either (4.7) or (4.8). 
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\\H\\m(sit) < c(A)(\\V\\ M{nT) + \\H\\ M(nT) ) 



Inequalities (4.11) and (4.12) imply continuity of mapping $. Continuity with 
respect to A is obvious. Hence by the Leray-Schauder fixed point theorem we have 
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Lemma 4.1 and estimates (3.35) from Lemma 3.9 imply Theorem 1. 
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